Abstract. Using a recent result of Bessières-Lafontaine-Rozoy, it is proved that any 3-manifold which admits a Yamabe metric of maximal positive scalar curvature is necessarily a spherical spaceform S 3 /Γ, and the metric is the round metric on S 3 /Γ. On all other 3-manifolds admitting a metric of positive scalar curvature, any maximizing sequence of Yamabe metrics has curvature diverging to infinity in L 2 .
Introduction.
Let M be a closed, oriented 3-manifold, which admits a metric of positive scalar curvature. For a given smooth metric g on M , let [g] be the conformal class of g, consisting of smooth metrics on M pointwise conformal to g. By Schoen's solution of the Yamabe problem [18] , M then admits Yamabe metrics of constant positive scalar curvature, i.e. metrics which minimize the total scalar curvature (or Einstein-Hilbert action) Note that the product on the right in (1.2) is scale-invariant. Thus, σ(M ) is a topological invariant of M , which is positive if M admits a metric of positive scalar curvature. By an elementary but important theorem of Aubin [6] , one has σ(M ) ≤ σ(S 3 ) = 6(volS 3 (1)) 2/3 . (1. 3) and σ(S 3 ) is realized by the round metric on S 3 .
In this note, we study the behavior of maximizing sequences g i of Yamabe metrics, i.e. unit volume sequences g i ∈ Y 1 for which s g i → σ(M ). We restrict here to the simplest case where the full curvature of {g i } remains bounded in L 2 . Since the Ricci curvature determines the full curvature in dimension 3, and since the scalar curvature is already controlled, we thus consider sequences such that 4) where z = Ric − s 3 g is the tracefree Ricci curvature and Λ is an arbitrary finite constant. Whether M admits such a sequence of Yamabe metrics depends of course only on the topology of M .
The main result is the following:
Partially supported by NSF Grant DMS 0072591. Theorem 1.1. Let M be a closed, oriented 3-manifold, with σ(M ) > 0. Suppose {g i } is a maximizing sequence of unit volume Yamabe metrics for which (1.4) holds, for some Λ < ∞. Then
is a spherical space form, with finite group Γ ⊂ SO(4) acting freely on S 3 . Further, 6) and σ(M ) is realized uniquely by the round metric g 0 on S 3 /Γ. In particular, M admits maximizing sequences of Yamabe metrics g i which converge smoothly to g 0 , and for which Z 2 (g i ) → 0. Theorem 1.1 has several immediate consequences. First, if (1.4) holds, then it follows that M must be irreducible, i.e. any embedded S 2 in M bounds a 3-ball in M . Hence, if M is reducible, M admits no maximizing sequences of Yamabe metrics for which Z 2 remains bounded; any maximizing sequence of Yamabe metrics on a reducible 3-manifold must degenerate. The proof of Theorem 1.1 will show that such sequences have no subsequences which converge in the weak L 2,2 topology.
Next suppose M = S 3 /Γ. The understanding of the Sigma constant of S 3 /Γ is still rather limited. For S 3 , σ(S 3 ) is realized uniquely by the round metric, by Aubin's theorem above. Very recently, Bray and Neves [10] have shown that σ(RP 3 ) is also realized uniquely by the round metric on RP 3 . It has been conjectured for some time, cf. [19] for instance, that in general σ(S 3 /Γ) is realized by the round metric on S 3 /Γ. It is well-known, by a theorem of Obata [16] , that the round metric on S 3 /Γ is a Yamabe metric, and hence σ(S 3 /Γ) ≥ σ(S 3 )/|Γ| 2/3 , Theorem 1.1 implies that if σ(S 3 /Γ) > σ(S 3 )/|Γ| 2/3 , then no metric on S 3 /Γ realizes σ(S 3 /Γ). In fact, no maximizing sequence of Yamabe metrics has a subsequence converging in the weak L 2,2 topology to an L 2,2 metric on S 3 /Γ.
The proof of Theorem 1.1 is based on previous work in [2] , [4] , together with some remarkable recent work of Bessières-Lafontaine-Rozoy [9] . To explain their result, let L denote the linearization of the scalar curvature on (M, g), i.e. where α is any symmetric bilinear form on M , (an infinitesimal variation of g), δ is the divergence operator and ∆ = trD 2 is the trace of the Hessian. The L 2 adjoint of L is given by
L(α)
At least formally, the equation
is the equation for a critical point of the total scalar curvature functional (1.1), restricted to the space Y of Yamabe metrics, cf. [8, Ch.4] or §2.1 for further details. Then it is proved in [9] that any compact real-analytic Riemannian 3-manifold (M, g) satisfying the equation (1.9) for some smooth function h, is necessarily Einstein, i.e. z = 0. Since the dimension is 3, this of course means that M is of constant curvature and hence a space-form. If the scalar curvature s g ≤ 0, this is very simple to prove, cf. [8] for example; the positive case s g > 0 is much more difficult.
We point out that the analogue of Theorem 1.1 for metrics with σ(M ) ≤ 0 has been proved in [5] , cf. also [2] . The methods and issues in the two cases σ(M ) ≤ 0 and σ(M ) > 0 are quite different however.
In §2, we describe background material needed for the proofs. The proof of Theorem 1.1 follows in §3, while §4 concludes with a discussion of models and conjectures for the behavior of maximizing sequences of Yamabe metrics which degenerate, i.e. for which (1.4) does not hold.
2. Background and Preliminary Results. §2.1. Let M be the space of smooth (C ∞ ) Riemannian metrics on a given closed, oriented 3-manifold M . The tangent space T g M is given by the space S 2 (M ) of smooth symmetric bilinear forms h on M , via h = d dt (g + th), g + th ∈ M. There is a natural L 2 (weak) Riemannian metric on M, given by
where h i ∈ T g M and the inner product on the right is that induced by g. Let C denote the space of metrics of constant scalar curvature on M , with C 1 the corresponding space of unit volume metrics. As in §1, let Y ⊂ C denote the subset of Yamabe metrics, with Y 1 the unit volume Yamabe metrics. In the following, we work with an arbitrary g ∈ C. The end of §2.1 describes some aspects of the subset of Yamabe metrics Y ⊂ C.
At any given g ∈ C, consider the operator L * in (1.8). As a mapping C ∞ (M ) → S 2 (M ), this is an overdetermined elliptic operator. Hence, by general elliptic theory there is a splitting of T g M, orthogonal w.r.t. the L 2 metric, of the form
cf. [7] , [4] . Of course one sees immediately from (1.8) that −Ric = L * (1). This corresponds to the fact that the L 2 gradient of the functional v −1 sdV , (at a metric g ∈ C), is given by −v −1 Ric. On the other hand, the L 2 gradient ∇S of S in (1.1) is given by ∇S = −v −1/3 z. This may decomposed w.r.t. the splitting (2.2) as
where ξ ∈ KerL and f is a smooth function on M . Clearly ξ and L * f are uniquely determined by z. If Ker L * = {0}, then f is also uniquely determined by z. A related L 2 orthogonal splitting of T g M can be obtained by setting
where
The spaces T g C and N g C are the formal tangent and normal spaces to C ⊂ M. At a metric g ∈ C for which Ker L * = 0, the space C is locally, i.e. in a sufficiently small neighborhood of g, an infinite dimensional submanifold of M, and T g C, N g C are the actual tangent and normal spaces to C at g. We may then decompose z also with respect to the splitting (2.3), and write
Here z N = L * h, for some function h with 0 mean value, while L(z T ) = const. Observe that at least formally
where v 2/3 · s : C → R and the gradient is the L 2 gradient, taken w.r.t. the inner product (2.1). This is because −v −1/3 · z is the L 2 gradient of the total scalar curvature functional S : M → R and z T is the L 2 projection of z onto C. At points where C is a manifold, (2.7) is clear. However, at points where C may not be a manifold locally, (2.7) is understood to hold only formally. Observe that −z T points in the direction of maximal increase of S| C , in the sense that
Thus, at least formally, critical points g 0 of the functional v 2/3 · s on C are characterized by
Together with (2.6) and the definition of N C, this gives the equation (1.9) formally. Note that since S is scale-invariant, so is S = v 2/3 · s| C , and hence
This can also be seen by taking the trace of (2.6) and observing that trz N integrates to 0, since h has 0 mean value.
If one sets u = 1 + f and expands (2.3), using the definition (1.8), one obtains
This is the L 2 orthogonal splitting (2.2) of the metric g, (or − s 3 g). Taking the L 2 norms of both sides in (2.11) gives immediately
In particular, for unit volume Yamabe metrics, one has an effective bound on ξ and L * u in L 2 . Moreover, taking the inner product of (2.3) with ξ gives
Taking the inner product of (2.11) with z also gives z, ξ = − L * u, z = − uL(z) = u|z| 2 , since trz = 0 and the Bianchi identity implies that δz = 0 for g ∈ C. Combining these equations thus gives
In particular, if one had an estimate of the form u ≥ u o , for some u o > 0 on (M, g), then (2.12) gives an L 2 bound on z; compare with (1.4).
While in general there may be many unit volume metrics of constant scalar curvature in a given conformal class [g], cf. [19] , [17] , it is unknown if Yamabe metrics are unique in [g] when s g > 0.
In the following, we exclude the class [g 0 ] of the round metric on S 3 , which has special features.
In this case, Schoen [19] , [20] has proved that the space of unit volume Yamabe metrics in a given conformal class, i.e. Y 1 ∩ [g], is compact, in the C 2 topology for instance. Further, the set Y 1 ∩ [g] varies continuously with [g] in the following weak (Hausdorff) sense.
•
If Y 1 is locally a manifold near the metric γ ∈ Y 1 , then (2.7) and (2.10) imply that there is a local curve of Yamabe metrics γ t ∈ Y 1 , with γ 0 = γ such that 
This weaker version of (2.13) will be used in the proof of Theorem 1.1 in §3. §2.2. Next, we make a few remarks on metrics for which Ker L * is non-trivial. If φ is a smooth function on M in Ker L * , then (M, g, φ) satisfy the equation 
is a solution to the Einstein equations The simplest non-trivial solutions of (2.15) are (M 3 , g) = (S 3 , g 0 ), with φ a 1 st order spherical harmonic φ = c o · cos ρ, where ρ is the distance function from some point on S 3 and c o is a constant. The horizon is S 2 and (M 4 , g 4 ) is the round metric on S 4 when c o = 1. In fact, these are the only solutions when (M 3 , g) is Einstein, i.e. (M 3 , g) = (S 3 /Γ, g 0 ). This is because when g is Einstein, the equations (2.15)-(2.16) reduce to the equation D 2 φ = − s 6 g, and hence ∇φ is a conformal Killing field on M 3 . The Obata theorem [16] implies that the only non-trivial solution of this equation is a spherical harmonic on S 3 . In particular, there are no non-trivial, (i.e. non-zero), solutions of (2.15) on S 3 /Γ, Γ = {e}, when the metric is Einstein.
On the other hand, if (M 3 , g) is not Einstein, then there are other non-trivial solutions of (2.15). Thus, Kobayashi [12] and Lafontaine [14] produced examples of conformally flat warped product metrics on S 2 × S 1 satisfying (2.15). Here, the horizon H consists of two components, each a round S 2 , of different radii. Currently, these are the only known smooth solutions of (2.15) which are not Einstein. §2.3. If g is a unit volume Yamabe metric on M 3 , then by definition, g realizes the infimum of S in the conformal class [g]. Hence, one has for any L 1,2 function ψ on M ,
(The validity of (2.19) for all ψ > 0 is easily seen to imply its validity for all ψ). If s g ≤ 0, this estimate is of course uninteresting. However, when s g > 0, the estimate (2.19) implies that the Sobolev constant c S for the Sobolev embedding L 1,2 ⊂ L 6 , in dimension 3, is bounded below by s g , i.e. there is an explicit constant d o such that
In particular, one has a uniform lower bound on the Sobolev constant among the class of Yamabe metrics which satisfy s g ≥ s o , for any fixed
It is well-known and simple to prove that the estimate (2.20) gives rise to a uniform lower bound 
This follows since (2.21) and the total volume bound vol g M = 1 imply an upper bound N on the number of disjoint balls of radius 1 in M . Hence the diameter is bounded above by 2N .
We point out that all of the results of §2.1-2.3 hold, with only minor or obvious modifications, in any dimension. §2.4. We briefly summarize some aspects of the theory of convergence/degeneration of metrics under uniform curvature bounds.
Let L k,p denote the Sobolev space of functions with k weak derivatives in L p , and let C k,α denote the Hölder space of C k functions with α-Hölder continuous derivatives.
Let V i be a sequence of (possibly open) n-manifolds and let {g i } be a sequence of smooth Riemannian metrics on V i . The sequence (V i , g i ) is said to converge to (V, g) in the L k,p topology, if first V i is diffeomorphic to V , for all i sufficiently large, and second there exist diffeomorphisms φ i : V → V i , such that the pull-back metrics φ * i g i converge to the metric g in the L k,p topology on V . This means that there is a smooth coordinate atlas on V for which the component functions of {φ * i g i } converge locally to the component functions of g; here the convergence is with respect to the usual L k,p loc topology for functions defined on domains in R n . Note that this notion is well-defined for metrics g which are not necessarily C ∞ ; for instance, it may well be that the limit metric g is only a L k,p metric on V .
In order for this definition to be meaningful, we require kp > n, so that by Sobolev embedding,
Convergence with respect to other topologies, for instance the weak L k,p topology and the C k,α topology, is defined in exactly the same way.
We will need the following definitions, cf. [3] , [5] for further details. Let (M, g) be a Riemannian n-manifold.
Definition 2.1. (I)
The volume radius of (M, g) at x is given by
where ω n is the volume of the unit ball in R n , and µ is a fixed positive constant.
, at x is the radius of the largest geodesic ball about x on which there exist harmonic coordinates u i : B x (r h (x)) → R, with respect to which the metric components g ij satisfy
again, for some fixed positive constant C.
(III). The L q curvature radius ρ(x) = ρ q (x) is the radius of the largest geodesic ball at x such that for all B y (s) ⊂ B x (ρ(x)), one has the bound
where C o is a fixed positive constant, and R denotes the curvature tensor of (M, g).
The quantities in (2.22) and (2.25) are not necessarily monotonic functions of s, for a fixed x; hence the need to vary the center point in the definition. One may define the harmonic radius r h (M ) of (M, g) by r h (M ) = inf x∈M r h (x), and similarly for the other radii. For similar reasons as above, it is always assumed that kp > n in (2.24), and q > n/2 in (2.25).
The parameters µ, C and C o are arbitrary, but chosen once and for all to be fixed small positive numbers. One easily sees that each of these radii scale, i.e. behave under rescalings of the metric, as distances. Thus, they scale as radii.
There is an obvious relation between r h and ρ, namely for r h = r 2,p
where c = c(C, C o ). On the other hand, the opposite inequality, ρ(x) ≤ c · r h (x), is not true in general. On compact flat manifolds, or more generally on manifolds which are highly collapsed on the scale of their curvature, so that ν(x) << ρ(x), one has ρ(x) >> r h (x). However, in the presence of a lower bound on ν(x), one does have a bound
provided ρ(x) is not too large, i.e. ρ(x) ≤ K, where c = c(ν(x), K). Now observe that for Yamabe metrics of uniformly positive scalar curvature, the bound (2.21) implies a uniform lower bound on the volume radius,
whenever s g ≥ s o > 0. Hence, for such Yamabe metrics, r h and ρ are essentially equivalent. The discussion above leads to the following result, cf. again [3] for further details.
Theorem 2.2. Let {g i } be a sequence of metrics on a closed n-manifold N, satisfying
for some arbitrary fixed constants Λ , V o < ∞, ν o > 0, with q > n/2. Then a subsequence converges, modulo diffeomorphisms, in the weak L 2,q topology to a limit L 2,q metric g ∞ on N . By Sobolev embedding, the convergence is also in C α , for any α < 1 − n 2q . Moreover, if g i is a sequence of metrics on N which converges to a limit metric g ∞ on N in the C 0 topology, then the conclusions above hold provided there is a constant λ < ∞ such that
Of course, an immediate consequence of Theorem 2.2 and the discussion preceding it is that any sequence
Suppose the bound (1.4) holds on {g i }, for some Λ < ∞. As noted above, Theorem 2.2 implies that a subsequence of {g i } converges in the weak L 2,2 topology to a limit L 2,2 metric g = g 0 on the 3-manifold M . By Sobolev embedding, the limit metric g is in L 1,6 and C 1/2 . Since g ∈ L 2,2 , its curvature is well defined in L 2 (M, g). Thus z = z g and s = s g are in L 2 and both z g i and s g i converge weakly in L 2 to z and s respectively. Since s g i is a constant, one has then s g i → s g and hence 
where the sum (3.3) is L 2 orthogonal, and both terms
with 0 mean value, and z T satisfies
for some constant k 0 . The equation (3.4) is understood to hold in the sense of distributions, i.e. for any smooth, (or L 2,2 ), function f on M , one has
The terms (z T ) g i and (z N ) g i converge weakly in L 2 to z T and z N . Due to (3.1) or (3.2), one certainly expects that z T = 0. The next Lemma proves this.
Lemma 3.1. For the L 2,2 limit metric g = g 0 above, one has
Proof: There are several possible ways to prove this. For example, suppose that the estimate (2.14) holds at γ = g 0 . Then (3.2) and the definition of σ(M ) immediately imply that
where the last equality follows from (2.10). This of course gives (3.6).
To justify this argument, one needs to verify the solution of the Yamabe problem for metrics of low regularity. In addition, one has to show that (2.13) or (2.14) hold when γ is just L 2,2 and z T is just L 2 . While this can perhaps be done, the following more elementary argument bypasses this issue.
A sequence of smooth Yamabe metrics γ i ∈ Y 1 is called Palais-Smale, (for the functional s on
where We claim that any given maximizing sequence g i for s on Y 1 as in (3.1) may be perturbed slightly to a Palais-Smale maximizing sequence γ i satisfying (3.7). More precisely, for any given any ε > 0, there are Yamabe metrics γ i = γ i (ε) ∈ Y 1 , ε-close to g i in the L 2,2 topology, such that (3.7) holds on γ i . Since ε is arbitrary, without loss of generality, one may assume that γ i also converges to the limit g = g 0 in the weak L 2,2 topology.
This claim is proved in [4, Thm.7.2, Rmk.7.3] in case Y 1 has a local manifold structure, (for instance when σ(M ) ≤ 0). The proof, which is elementary, uses only the fact that the L 2,2 completionM 0 of the space M 0 of smooth metrics with a fixed volume form is geodesically complete w.r.t. the L 2,2 metric, together with (2.13). The idea is simply to construct a piecewise smooth, or even piecewise linear curve through each g i , with tangent vector approximately −z T , and with length ε in the L 2,2 metric. This is possible by the geodesic completeness mentioned above. The maximizing property of {g i } then easily implies (3.7) holds for most metrics γ i on such curves. Now the geodesic completeness ofM 0 holds in general, and one easily sees that the slightly weaker estimate (2.14), stating that the scalar curvature of some Yamabe metric in a given conformal class can locally be increased by an amount proportional to L(z T ), is all that is needed for the same argument to hold.
Next, we claim that (3.7) passes to the limit under weak L 2,2 convergence, so that on (M, g),
for all α ∈ L 2,2 (g) with L(α) = const, tr g α = 0, (g = g 0 ). To see this, z T i converges weakly in L 2 (g) to z T , i.e. z T i , α dV g → z T , α dV g . Since γ i converges weakly in L 2,2 to g, it converges strongly to g in L 1,p and C β , for any p < 6 and β < 1/2. Hence one also has z T i , α dV γ i → z T , α dV g , where all metric quantities on the left are w.r.t. γ i , while those on the right are w.r.t.
g. Since α is bounded in L 2,2 , α is the limit of a sequence α i ∈ T γ i C 1 , with α i uniformly bounded in L 2,2 (γ i ). Thus, writing α = α i + (α − α i ), one has
However, z T i is bounded in L 2 and α − α i converges to 0 strongly in L 2 , (in fact in C β ). Hence the second term above converges to 0. Thus, (3.7) implies that (3.8) holds on the limit (M, g).
To conclude, any α ∈ L 2 (g) with L g (α) = const as a distribution, and tr g αdV g = 0, is the limit of α k ∈ L 2,2 (g) with these properties. Since (3.8) is well-defined for α ∈ L 2 , by continuity (3.8) holds for all α ∈ L 2 with L(α) = const distributionally and trα = 0. However, z T satisfies both of these properties, the last by (2.10). Hence, choosing α = z T in (3.8) gives the result.
It follows that the limit (M, g) satisfies the equation
weakly, for some L 2,2 function h on M with mean value 0. Taking the trace of (3.9) gives the equation
as in (2.16). We first prove Theorem 1.1 in a simple special case.
Lemma 3.2. If on the limit (M, g),
everywhere, then (M, g) is of constant curvature, and so Theorem 1.1 holds.
Proof: Taking the inner product of (3.9) with z gives
since tr z = 0 and δz = 0, weakly. Thus, on (M, g) 13) in analogy to (2.12). It follows from (3.13) that z ≡ 0 on the set {h > −1}. On the other hand, if h ≡ −1 on some open set U , then (3.9) gives z = Ric on U , which is impossible, since s = 0. It follows that g is an L 2,2 metric on M with z ≡ 0 in L 2 . It is then standard that g is a smooth constant curvature metric on M . (This will also follow from the first part of the proof of the next result).
Thus, in the following, we assume that the open set
14)
The next step is to prove that any such weak L 2,2 solution of (3.9) is smooth.
Proposition 3.3. Any L 2,2 metric (M, g) satisfying (3.9) weakly in L 2 is C ∞ smooth, in fact real-analytic on M .
Proof: Consider first the trace equation (3.10). In local harmonic coordinates, the coefficients g ij of the Laplacian ∆ are in C 1/2 . It then follows from the Schauder estimates, cf. [11, Ch.6] , that
Let v = 1 + h. Using (3.10) and (1.8), the equation (3.9) may be written as
Since in local harmonic coordinates g ∈ L 2,2 , one has
in such local coordinates. In any open set where v = 0, it follows then from (3.16)-(3.17) that z ∈ L 6 . Since the equation for Ric in local harmonic coordinates is elliptic, elliptic regularity, (i.e. the L p elliptic estimates, cf. [11, Ch.9] ), implies that g ∈ L 2,6 . In turn, as in (3.17) , it follows that D 2 v ∈ L 1,6 ⊂ C 1/2 , and hence z ∈ C 1/2 . This now gives, (via the Schauder estimates), g ∈ C 2,1/2 . Returning to the trace equation (3.10), the Schauder estimates now imply that v ∈ C 4,1/2 , boosting the regularity estimate (3.15). Again, D 2 v is now in C 1,1/2 . Thus, this process may be iterated indefinitely to give g ∈ C ∞ and v ∈ C ∞ . Since the coefficients, in local harmonic coordinates, of the coupled elliptic system (3.10), ( The analysis in these two cases, locally separating and locally non-separating, is somewhat different. Hence, the rest of the proof is divided accordingly into two cases.
Case I: Separating components of L. In this case, we analyse the smoothness of g and v in a neighborhood of a point of a locally separating component of L. To simplify notation, we assume that L itself is such a component. We recall that g and v are smooth off L.
We claim first that L is a regular level set of v. This follows from the stronger statement that there is a constant c o such that
To begin, we show that (3.18) holds with some constant c o ≥ 0. First, note that |∇v| ∈ L 2,2 (M ), by (3.15) and the fact that g ∈ L 2,2 . For s small, and L ε = {v = s}, let ∇ T |∇v| be the tangential gradient of |∇v| on L s , so that |∇ T |∇v|| 2 = ∇ e i ∇v, N 2 = (D 2 (N, e i )) 2 , where N = ∇v/|∇v|, and e i is an orthonormal basis of T L s at a given point. Let V ε = {|v| < ε}. Then from (3.16), one obtains
From this and the coarea formula, one obtains
Hence, for a set of s of large relative measure in [−ε, ε], one has
It follows then from Sobolev embedding that the oscillation of |∇v| in L 3 on L s tends to 0 as ε → 0. Since again |∇v| ∈ C 1/2 (M ), it follows that (3.18) holds, for some constant c o ≥ 0. To complete the proof, the same argument as in (2.17), (with v in place of φ), proves c o > 0. Although it will not be needed, we point out that the same type of argument shows that L is umbilic, with 2 nd fundamental form K = λg, λ = s/(6c o ), weakly. Of course the constant c o may change on different components of L.
To obtain higher regularity near L, we pass to 4-dimensions, as with the static vacuum Einstein equations in §2.2. Since the regularity of the metric is a local issue, in the following, we work in a neighborhood U ⊂ M + containing a local domain within the embedded surface L, so that U is an open manifold with boundary. Also, we first need to pass to a suitable conformally equivalent metric, since L is not totally geodesic, but only (weakly) umbilic. Thus, let
This is well-defined in a neighborhood of L, since h ∼ −1 near L. The metric g is as smooth as g near L, by (3.15), (at least for low regularity estimates). Note also that g| L = g| L . Consider the (local) 4-manifold U 4 = U × w S 1 , with metric
The reason for this choice of the warping function w will be seen below. By (3.18), |∇w| = 1 in U ∩ L and hence the metric (3.21) is C 0 , and hence L 2,2 ∩ C 1/2 on U 4 . Note that the boundary portion L of U = U 3 is now no longer a boundary in U 4 . From standard warped product formulas, cf. [8, Ch.9J], the Ricci curvature Ric 4 of g 4 is given in the unit vertical direction V by
and in horizontal directions by
where metric quantities on the right are w.r.t. g. We claim that 
Similarly, standard formulas for conformal change give
while from (3.22),
We first estimate vertical part (3.23), (corresponding to s 4 ). From formulas for the behavior of the Laplacian under conformal changes, one has
From (3.28), one has ∆w = c −1
, and hence
Using (3.20) , this may be rewritten in the form
The volume form of g 4 is of the form dV g 4 = wdV g . Thus, consider
Observe that for N = ∇v/|∇v|,
This verifies (3.25) in the vertical direction.
For the horizontal directions, we observe that it suffices to compute z 4 . Namely, taking the trace of (3.23)-(3.24) gives s 4 = s − 2 ∆w/w. The latter term is in L 6 (U 4 ) by (3.30)-(3.31). Also s ∈ L 6 (U 4 ), as one sees by taking the trace of (3.26) and using (3.17) . Taking the trace-free parts of (3.23)-(3.24) and using (3.26)-(3.28) then gives for the horizontal part of z 4 ,
33)
Hence, via the trace-free part of (3.15), it follows that
The right hand side here is in L 6 by (3.17). For the same reasons, Q 1 ∈ L 6 . Finally, using the definition of µ in (3.20), one computes
. This proves (3.25).
Having established (3.25), Theorem 2.2 then implies that g 4 ∈ L 2,6 (U 4 ). By Sobolev embedding, in 4 dimensions, this gives g 4 ⊂ C 1,1/3 (U 4 ) and hence g ∈ C 1,1/3 (U ), (in local harmonic coordinates). Given this increased regularity on g, it follows first that D 2 v ∈ C 1/3 (U ). Further, as in (3.29)-(3.31), one has
It follows that ∆w/w ∈ C 1/3 (U ). Via (3.32)-(3.34), similar estimates hold for the other terms in Ric 4 , and hence Ric 4 ∈ C 1/3 (U 4 ). It then follows (from elliptic regularity applied to the equation for Ricci curvature in harmonic coordinates as before), that g 4 ∈ C 2,1/3 (U 4 ), and so again g ∈ C 2,1/3 (U ). One may then continue in this way inductively, improving the regularity of D 2 v and g by one at each step. It follows that g ∈ C ∞ (U ). Since h ≡ −1 on L, by [15, Ch.6.6] , both h and g are real-analytic up to L in U ∩ L. Now the same estimates hold locally on other side of L, i.e. within M − , since the construction above can be carried out in an analogous local domain U ⊂ M − . Since h and g are global solutions to (3.9)-(3.10), real-analytic up to L, it follows that h and g are C ∞ and real-analytic on an open neighborhood of U ∩ L in M . This completes the analysis in Case I.
Case II: Non-separating components of L.
Here we suppose a given component of L, still denoted L, is locally non-separating, so that where, as before, r(x) = dist(x, L). We first observe that
in a neighborhood of such L. To see this, consider the Weitzenbock formula
where R is a curvature term acting on the space of symmetric bilinear forms, cf. [8, Ch.1] . A simple computation shows that δD 2 v = −d∆v − Ric(∇v), and hence dδD 2 v = −d(Ric(∇v)). Next, dD 2 v = R(∇v, ·, ·, ·), and via the Bianchi identity, δR(∇v) = −(dRic)(∇v) + lower order. Since the scalar curvature is constant, dRic = dz is essentially the Cotton tensor. By taking the exterior derivative of (3.16), one easily derives the bound |dz| ≤ |Ric||dv|/v, or see [9] for the explicit expression for dz. Hence one has |(dRic)(∇v)| ≤ |Ric||dv| 2 /v ≤ C · |Ric|, where the last inequality follows from (3.35). Since Ric ∈ L 2 , combining the estimates above gives
Again since R ∈ L 2 , it follows from elliptic regularity that D 2 v ∈ L 2,2 , as claimed. Now an argument similar to that establishing (3.18) shows that
on L. Namely, on a generic sequence of points q j → L, one has |z|(q j ) = o(r −2 ). Thus, (3.35) implies that v|z|(q j ) → 0. But by (3.36), vz ∈ C 1/2 across L, which gives (3.37). From (3.16), it then follows that D 2 v = (s/6)g on L.
Since s > 0, all critical points of v on L are non-degenerate local minima and hence the non-separating part of L consists of a finite number of points {p j } in M . In the following, we work in a small neighborhood of some p ∈ {p j }, and recall that g and v are smooth off p.
To obtain higher order regularity at p, return to (3.37) . Note that D * D commutes with taking the trace, and so consider D * D acting on the trace-free part D 2 0 . Taking the inner product of the trace-free part of (3.37) with D 2 0 v and using the estimates above gives
where |Q| ≤ C(|z||D 2 0 v| 2 + |z||D 2 0 v|), and so
. From (3.36) and (3.38), one has |D 2 0 v| 2 = O(r), and hence |Q| = O(r −1 ). It follows that ∆|D 2 0 v| 2 ∈ L 3−ε , for any ε > 0. Hence, elliptic regularity gives |D 2 0 v| 2 ∈ L 2,3−ε ⊂ L 1,p , for any p < ∞. Via the trace equation (3.10), this gives |D 2 v| 2 ∈ L 1,p . Further, since |D 2 v| is bounded away from 0 pointwise near p, this gives |D 2 v| ∈ L 1,p , ∀p < ∞. Hence, by Sobolev embedding |D 2 v| ∈ C α , for any α < 1, and
From this and (3.16), it follows first that |z| = O(r −1−ε ), for any ε > 0, and hence z ∈ L 3−ε .
As before, elliptic regularity on the equation for Ric in harmonic coordinates then implies that g ∈ L 2,3−ε ⊂ L 1,p ⊂ C α , improving the initial regularity of g. Next, (3.40) shows that |Q| = O(r 2α−2 ), and so Q ∈ L p , for any p < ∞. As before, elliptic regularity then gives |D 2 0 v| 2 ∈ L 2,p , and hence, as before,
. This now gives Q ∈ C α and so
This shows that the metric g is C 2,α through p. Further, Q is now in C 1,α , giving |D 2 0 v| ∈ C 3,α . Continuing inductively in this way, one increases the regularity by one at each step. Hence both g and v are C ∞ through p.
Finally, all the estimates above are effective, i.e. the inclusions in the spaces above all come with definite bounds on the norms. This gives effective bounds on all the derivatives of g ab in local harmonic coordinates. From this, one sees that g and v are analytic through p.
This completes the analysis in Case II and proves Proposition 3.3.
Remark 3.4. The same proof shows that any L 2,2 metric on M satisfying the static vacuum Einstein equation
weakly, is also real-analytic. In fact, this case is much easier, since there is no need to pass to the conformally equivalent metric g and w may be replaced by c −1 o u. In addition, since the function h is replaced by u here, and the level L is now the 0-level of u, all components of L separate, i.e. no part of L is a local minimum for u.
We are now in position to complete the proof of Theorem 1.1. Thus, Lemma 3.1 and Proposition 3.3 imply that the metric (M, g 0 ) is a solution of the equation (1.9), real analytic everywhere except possibly at finitely many local minima {p j } where h(p j ) = −1. If L = {h = −1} does not separate, then the result follows from Lemma 3.2. More importantly, the result of [9] states that any such solution of (1.9) is necessarily of constant curvature, i.e. z = 0, and L * h = 0.
This completes the proof.
Remark 3.5. The assumption that g i is a maximizing sequence for the scalar curvature functional s on Y 1 was only used to establish the behavior (3.7). Hence, if (M, g i ) is any sequence in Y 1 for which (1.4) and (3.7) hold, then a subsequence converges to a constant curvature metric g 0 on M = S 3 /Γ. Thus, in this generalized sense, there is a unique critical point of the scalar curvature functional s on Y 1 , namely the round metric on S 3 /Γ.
Discussion.
In this section, we discuss models and conjectures for the degeneration of maximizing sequences of Yamabe metrics. Thus, throughout this section, it is assumed that σ(M ) is not realized by a smooth Yamabe metric on M . Via Theorem 1.1, this means that the bound (1.4) does not hold on any maximizing sequence of Yamabe metrics.
The simplest example of degeneration is on M = S 2 × S 1 . It is proved in [13] that σ(S 2 × S 1 ) = σ(S 3 ). One may choose a specific maximizing sequence g i of conformally flat Yamabe metrics on S 2 × S 1 with S 2 symmetry and with Ker g i L * = 0, for all i, as discussed in §2.2, cf. [13] , [14] and also [19] . This sequence of metrics converges in the Gromov-Hausdorff topology to (Z, g 0 ), where Z = S 3 /{p ∼ −p} is the round metric on S 3 with two antipodal points p, −p identified. Away from the point p ∼ −p, the convergence to the limit is smooth. Near this point, (in the GromovHausdorff topology), the metrics g i have curvature diverging to ∞. If one rescales the metrics g i to have bounded curvature, then the resulting metrics g ′ i converge to the Schwarzschild metric g Sch on [2m, ∞) × S 2 isometrically doubled across the horizon S 2 = {2m} × S 2 . Here
and the horizon is given by the round 2-sphere {r = 2m}. This metric is a solution of the static vacuum Einstein equations (2.15), with s = Λ = 0. In fact, the function u = (1 − 2m r ) 1/2 satisfies L * u = 0. Note that u → 1 as r → ∞, while when reflected across the horizon, u → −1 at the other end, (r → 0). When rescaled back down, these ends correspond to small neighborhoods of the point p ∼ −p upon collapse of the essential 2-sphere. We refer to [2] and [4] where this construction is described in further detail. It is important to note here that the S 2 in S 2 × S 1 is not a separating 2-sphere.
A well-known conjecture states that any oriented 3-manifold M with σ(M ) > 0 is a connected sum of S 3 /Γ factors and S 2 × S 1 factors,
where M k = S 3 /Γ k or S 2 × S 1 . Thus, it remains to understand degenerations on connected sums. The simplest model one might expect for degeneration is that the 2-spheres in a connected sum as in (4.2) are pinched off to points, leaving in the limit the union of the prime 3-manifolds M k joined at a finite collection of points. Away from such points, a maximizing sequence then conjecturally converges smoothly to a limit round metric on each M k , i.e. a round metric on S 3 /Γ if M k is diffeomorphic to S 3 /Γ, and to a round metric on Z = S 3 /{p ∼ −p} when M k is diffeomorphic to S 2 × S 1 . It is conjectured in [2] that such pinching off of 2-spheres does occur on connected sums of 3-manifolds with σ(M k ) < 0, and concrete models exhibiting just this behavior are constructed in [4] .
However, such a model is not correct when σ(M k ) > 0, for simple reasons related to the Sobolev inequality (2.19), i.e. to the definition of Yamabe metrics. Thus, for any closed 3-manifold (M, g) let I g denote the isoperimetric constant
where M = U 1 ∪ U 2 with ∂U 1 = ∂U 2 = H. If M = M 1 #M 2 and g is a unit volume Yamabe metric on M , for which areaS 2 < ε, where S 2 is the connecting 2-sphere, and volM k ≥ v o , for any fixed v o > 0, then clearly one has
However, the following elementary Lemma shows this to be impossible for Yamabe metrics with scalar curvature s bounded away from 0.
It follows from the result above that maximizing sequences of Yamabe metrics cannot pinch off separating 2-spheres in M whose complementary domains have a definite volume. Thus, if essential separating spheres do pinch off, most all of the volume must concentrate in one of the domains.
Thus, suppose M = # The simplest model for the behavior of a maximizing sequence of unit volume Yamabe metrics g i on M is that vol g i N → 0 as i → ∞, and g i converges to a constant curvature metric on M 1 if M 1 = S 3 /Γ, while if M 1 = S 2 × S 1 , then g i converges to the round metric on Z, as discussed above. These models for the degeneration lead to the conjecture that for M of the form (4.2),
when σ(M k ) > 0 for all k. In this regard, O. Kobayashi [13] has proved that σ(M 1 #M 2 ) ≥ min(σ(M 1 ), σ(M 2 )). (4.10)
There is currently very little evidence if this model for degeneration is the correct one, or even if (4.9) holds. The reason for choosing the minimum in (4.9) as opposed to the maximum for instance, is that Yamabe metrics minimize S in the conformal class. If M 1 in (4.8) is chosen instead to have the maximal value of σ among {M k }, then the resulting model metric may not be Yamabe. This is very tenuous, and with present knowledge it is unclear whether the minimum in (4.9) should be replaced by the maximum, (or something else).
Of course the curvature of g i blows up on M , and one expects it to blow up near an essential 2-sphere connecting M 1 and N . If, (as before on S 2 × S 1 ), one rescales to make the curvature bounded, then one may expect to obtain a limit metric g ′ on N = N \ B 3 . The metric g ′ should be complete, scalar-flat, and with a single asymptotically flat end, which, when blown-down, matches with a small neighborhood of a point in M 1 , cf. [4] for further discussion.
Let u i be the function associated to g i via the splitting (2.11), and for any given ε > 0 small, let L i = L i (ε) = {|u i | = ε}. It is proved in [4, Thm.3.3] that there is constant ρ o > 0, depending only on a lower bound for σ(M ) > 0, and ε, such that the L 2 curvature radius ρ i of (M, g i ) satisfies
for all x such that |u i (x)| ≥ ε. Thus, the same bound holds for the L 2,2 harmonic radius, by (2.27). Hence, the curvature can concentrate or blow up locally in L 2 only very close to the level set L i . If L i is small, for example, contained in small neighborhoods of the essential 2-spheres collapsing to points, then (4.11) shows the curvature is bounded in L 2 in large domains. One is then in position to apply the methods of §3 to determine the structure of the limit.
